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ABSTRACT 

The method of expanding General Bending Response Code 1  (GBRC1) 

to Include the calculation of critical whirling frequencies and response 

of shafting systems is described.    The extended computer program is 

designated General Bending Response Code 3 (GBRC3).    Specifications for 

data, input forms and a practical application of the program are   ' 

included. 

ADMINISTRATIVE INFORMATION 

The work reported here was carried out under Job Order number 

1-823-343-01, Subproject SR 003 03 01, Task 10919. 
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I. INTRODUCTION 

The method of analysis used In the development of General Bending 

Response Codes 1 and 2, references 2 and 3, Section II, Is applied to 

the partial differential equations of notion for a whirling shaft as 

derived by Norman H. Jasper. Since the differential equations describe 

a coupling of flexural vibrations In two planes, the analysis results 

in a set of time-independent finite-difference equations In terms of 

deflections and moments occurring in these planes. General Bending 

Response Code 3 solves this system of difference equations for: (1) 

the response patterns of the shaft through a specified range of frequencies 

of the exciting forces and/or moments acting upon it, or (2) critical 

whirling frequencies and mode shapes of free vibration. The computed 

results consist of the components, absolute value, and phase angles of 

the vectors for deflection and moment in the two planes of shaft vibration. 

GBRC3 retains the provisions of previous codes in this series 

(references 2 and 3) for various types of damping and automatic calculation 

of frequency-dependent exciting forces and moments. Calculation of 

effective mass as a function of frequency Is not included at this time. 

The code uses a FORTRAN IV compatible version of FORTRAN II and is currently 

being run with the IBSYS Operating System on the IBM 7090 computer at 

the Applied Mathematics Laboratory. An output tape for off-line plotting 

is written through use of the package of 7090 FORTRAN calling routines, 

ÄMPF0R, and the routine CXPLOT. 



The facilities of GBRC3 along with GBRC1 and GBRC2 have been 

Incorporated In a program package for ship vibration analysis. General 

Bending Response Program, which is In a testing stage. 

II. ANALYSIS 

The basic set of partial differential equations used for General 

Bending Response Code 3 were derived for a whirling shaft by Norman 

H. Jasper. The derivation Is given In Section IV of reference 1, 

For the computer program, these equations were used In the form given 

in Section V of reference 1 and designated by [lAJ. 

As stated in reference 1, Section IV, the partial differential 

equations were derived for a shaft spinning with a uniform angular 

velocity, to, about its longitudinal axis and having, simultaneously, 

a motion in two directions normal to the longitudinal shaft axis. 

The orientation of the shaft axis is shown below. 

+2 

+X 

longitudinal axis of shaft 

3 



The set of partial differential equations for the whirling shaft 

Is: 

3V (x.t) a2 

at* 
i2A)    üz^i . . u(x)   Zdftl . kl(X) y(x,t) - coo ii^l + Py(x,t) 

3Mz(x,t)        „  .       v          ,  x     BaCx.t)             ,  ,  92e(xtt) (2.2)      -~  * -V  (x.t)  -  T(X)üI      
V
9[ *    - Td(x)  y-^- 

- kß(x)  B(x,t) + Qz(x,t) 

(2.3)    M^-.V"" 
3x EI(x) 

V  (x.t) 

(2.5,      ü^ - - üÖSl^flitl . ki(]0 2(x,t) . cW liiSlil + p2(lt,t, 
9t 

(2.6)   !ü^£.. Vx.t) + ,<x)« ^sai. Td(x) if^ii 

k (x) a(x,t) + Q  (x.t) 

. / x M (x.t) 
U,/; 9x EI(x) 

. / v V   (x,t) 
(2.8) ax        - a(x,t)       j^^ 

Equations  (2.1) through  (2.4) are for the xy-plane anrl Equations 

(2.5)  through (2.8) are for the xz-plane. 

The notation for the equations is: 



» Mz 

*y 

« V 

Td 

KAG 

1 El 

i . 

z    distance In the longitudinal direction measured from the 
origin of coordinates 

t    time variable 

y    displacement normal to x In the xy-plane of bending 

z    displacement normal to x In the xz-plane of bending 

a    slope of the projection of the normal to the shaft section 
In the xz-plane 

8    slope of the projection of the normal to the shaft section 
In the xy-plane 

V shearing force In the direction of flexural vibration In 
y the y-dlrectlon 

V shearing force In Che direction of flexural vibration In 
the z-dlrectlon 

bending moment relative to the z-axls 

bending moment relative to the y-axls 

mass per unit length 

diametrical mass moment of Inertia per unit length 

shear rigidity 

bending rigidity 

polar mass moment of Inertia per unit length 

k,    linear spring constant per unit length 

kfi    rotatory spring constant per unit length acting In the xy-plane 

k    rotatory spring constant per unit length acting In the xz-plane 

c    damping coefficient 

P    external force per unit length (excluding spring forces) In the 
y-dlrectlon 

Px    same as P- except In the z-dlrectlon 



TWawtfiw.jv".'.**.,. 

0 external monent per unit length relative to the y-axls 

Qz external moment per unit length relative to the z-axis 

u    angular spin velocity about the longitudinal axis of the shaft 

The departure from Jasper's notation for shear rigidity, mass 

per unit length and external moments was made to preserve consistency 

with the GBRC series notation. 

The viscous damping term does not appear in the basic differential 

equations in reference 1. 

The partial differential equations (2.1) through (2.8) are 

transformed to a set of differential equations in terms of the 

natural angular whirling frequency, ft, by making the substitution 

u ■ hn and assuming that all time-dependent quantities are simple 

harmonic functions of time. Then 

M(x,t) - M(x) eifit    a(x,t) - a(x)eint 

y(x,t) - y(x) eint    fJ(x,t) - B(x)eint 

(2.9) 
V(x,t) - V(x) e 

ifit 

p(x,t) - p(x) e 
ifit 

, t.   , * ißt 
z(x,t) - z(x)e 

Q(x,t) - Q(x) elßt. 

Substituting (2.9) Into Equations (2.1) through (2.8) performing 

differentiations, and dividing out e t gives the set of differential 

equations, 



dV (x) 2 
(2.10) —%— - p(x)jry(x)  -[k1(x)3y(x) - inc(x)y(x) + P  (x) 

dM (x) , , 
(2.11) -^p- - -Vy(x) - iT(x)h^o(x) + TdfiZB(x) -[kß(x)]ß(x) 

+ Qz(x) 

(2.12) dB(x)    _        Mz(x) 

dx        "    "El  (X) 

«•»)      ^-^-Ä 
dV (x) 

(2.14) —^r'm u(x)nZ«(x) -[k1(x)]z(x) - inc(x)z(x) + PiE(x) 

dM (x) 
(2-15) ~dr~   " "Vz(x) + iT(x)hn ß(x) + Td(x)n o(x)  -[ka(x)]+ 0 (x) 

(2.16) da(x)||      
Mv<x> 

dx EI(x) 

12.17) ^..(x)-^,    • 

Eliminating V    between Equations  (2.11) and  (2.13) gives 

(2.18) —^j— - KAG(x) ^£0 . > iT(x)hn2a(x) +[Td(x)fi2 - KAG(x)-ke(x)] 

ß(x) + Q (x)    . z 

Eliminating V    between Equations  (2.15) and (2.17) gives z 

dM (x) A  f \ ■> 
(2.19) —J^- - KAG(x) l5g2.[td(x)ßZ - KAG(x)  - ka(x)]a(x) 

+ iT(x)hn2B(x) + Q (x)   . 



f     . 

Solving Equations (2.18) and  (2.19)  for a(x) and ß(x), 

i(x) 
I 

Td(x)U2-KAG(x)-kß(x) l     dx 

fdM  (x) .  , . 1 

-dM (x) 
1—2[~^r- - •       > ■--'   -Q,», 

IT(X)! 
dx 

dz(x) 
dx "y 

)|j 1T(X)^  
''TJ(x)n2-KAG(x)-k,(x) 

TJ(X)Q    - KAG(x)-k (x) 
d a 

iT(x)hn2 

or 

(2.20) a(x)  - lT(x)hn 

(T.(x)Q2-KAG(x)-krt(x))(T.(x)n2-KAG(x)-k   (x))-(T(x)hii
2):> 

d öd 3 

EdMz(x} 

""dx™ + KAG(x) ^£- + Q ( dx        ^z -] 
Td(x)« -KAG(x)-kß(x) 

(T(1(x);!2-!^C(x)-ks(x))(Td(x)Q2-KAG(x)-ka(x))-(T(x)hii
2)2 

[ 
dM (x) ... 
-/ KAG(x)^0 

dx '    dx Qy(x)j   . 

and 



B(x) --^H^-^-H 
:TJ(x)Ü2-KAG(x)-k (x))    L    dX 

KAG(x) ^0 _Qy(x) ] 
T.(X)0 -KAG(x)-k0(x) 

d i ß + iT(x)hn 
lT(x)to 

(T.CX)« -KAG(x)-k (x)) 
d ■ a 

or 

(2.21)    SOO 
(Td(x)n'-KAG(x)-ka(x)) 

(Td(x)n2-KAG(x)-kß(x))(Td(x)Q2-KAG(x)-ka(x)KT(x)hn2)2 

[.   ,  v      dM (x) n 

iT(x)hn 

(Td(x)fJ2-KAG(x)-kß(x))(Td(x)fi2-KAG(x)-ka(x))-(T(x)hß2)2 

[ 
dM (x) 

*-— - KAG(x) 2H*i. . Q (x) 
d8(x) 

dx dx ■]■ 
The expressions for a(x) and B(x) can be easier written by defining; 

T.(x)n -KAG(x)-k (x) 
d a 

(Td(x)n2-KAG(x)-ke(x))(Td(x)fi2-KAG(x)-ka(x))-(T(x)hß2)2 

B = 
TjCx)« -KAG(x)-k0(x) 

(Td(x)n2-KAG(x)-ke(x))(Td(x)n2-KAG(x)-ko(x))-(T(x)hß2)2 



and 

c   ; iiMhU2  

(i.(x)n2-KAG(x)-k.(x))(T.(x)n2-KAG(x)-k (x))-(T(x)hfi2)2 

u ts a a 

Using these definitions, Equations  (2.20)  and  (2.21) can be rewritten as 

dM.(x) 
(2.22)      a(x) - C 

[dM (x) ,  ,  . T ._L_+KAC(x)<!jM + Qi(x)] 

[dM (x) .   ,  . 1 
-^-.KAGU,^      -Vlc,j 

[.  / v      dM (x) -i 
KAG(x) 22m 5__ + Qz(x)      + 

c [^_  - ^o, ^ . ^(x)] . 

Krwui Equation (2.13), 

V (;:,> - - KAG(x) [^^ -  ß(x)] . 

Substituting (2.23) for ß(x) 

dM (x) 
(2.2A)  V (x) - - KAG( 

- C 

From Equation  (2.17), 

rdM (x) ,   , . n ) 

[ -i- - ^<" ^ - V'] I • 

V2(x)  - KAC(x)   [- ^£- + o(x)] . 

10 



Substituting (2.22) for a(x), 

(2.25) V (x) 
z 

- ^ + C I - -fj- + KAG(x) ^M + Qz(x) I 

+ B [^--<"^-V"]|- 
The shaft interval from x - 0 to x - L is subdivided by abscissas 

\m0<  x3/2 <  X5/2 < •'• <XN^-L' 

y A 

0 1—  3     4 
 1  

X3/2    X5/2 

^' 
J L 

I > x 

V'-i Vb 

where L is the shaft length. 

Equation  (2.10)  is then integrated from x    ,   to xn+.   for 

n- 1,  2, 3,   .... N, giving 

'X 
V - V n-jj 'J rii(x)fi2-(k ) -iJJc  (x)|   y(x)dx +/*n'f4s    P (x)dx . 

V«*     L y     y   J x*7,        y 

n-Jj 

which can be approximated by 

(2.26)    V - V 
yn+»s        Vis 

[(uAx) n2-(k ) -i(c Ax) fily   + P 
L n y n        y      n J7n        y 

where 

(liAx) 
-•/ 

n+»s 

(   i 

u(x)dx 

11 



(k ) - (k1 AX) - r        (kj) dx 
n     y    /      * v y    "       y 

n-'s 

(cyAx) - /    cy(x)dx 

P 
y " (Vx)n 'J Py(x)d, 

From Equation (2.24), V   is approximated for n - 1, 2, 3, ..., N-l by 
'n+Sj 

(2.27) V - - fe£| 
yn^ \Ax /n. n+1 /n+l ' yn + En,ti+1 

where 

ICAG(x) 
x 

\+l 
"J Qz(x)dx 

n,n+l     •' x n 

: 



•v 11,11+1 

ßnH 
Qy(x)dx    , 

n,n+l 
J^!^^^ "iStL 

2.2 (T.       n-KAG, n+r11,»       )(T.       n-KAG   ^..-k        )-(T    .,hnz) 
dn.n+l n*tt¥l    ßn.B+l      dn.r*l n»n+1    0« ^i n,n+ln    > n,n+l        ti,n+l n,n+l 

uh»t»+l 
^Vajg 

with 

dn,n+l n'Il+1    ßn,iri-l      dn,i»+l »»^    0n,n+l        n'n+1 

/n+l 
(TdAx)n.n+l 7 Tddx 

Tdx 
ft&l 

x n 

n 

V8 

k dx o 

and 

Xn mli(xr^S 
+ V^  ' 

13 



■wimiwn 

I 

Substituting (2.27) into (2.26) gives 

(2.28)      -fir^j    j., I y j., - y   +E   ^.I KA0   ^.I Cy yAx yn,n+l 1'n+1     7n       n,n+ll      n,n+l    ' 

<*z        " M, > + Qz 1 *n+l        'n zn,n+lJ 

n,n+l I   ; 

n+l " yn) 

- M      - KAG     ^1   («.,   - l ) - Q 
V .i        y    '        n,n+l      n+l        n        y      .. Jn+1       7n ' 7n,n+l 

iT^I        ly   - y   i + E   i      KAG   ,     (y   - y   ,) - \Ax /    ,      |7n      7n-l       n-l,n I      n-l,n    7n      7n-r \     'n-l,n j L 

<M
Z  -\    > + Qz      1 

n n-1 n-1,n I 

-C    . M      - M - KAG    .       (z    - z     .)  - Q 
»-^"[yn       Vl n-l,n     n        n-1        >n_1>n 

[(u&x) n2 - k     - l(c Ax) n 1 y   + P yn y    'n J "n       yn 

for n ■ 1, 2,  .... N-1. 

Similarly, Equation (2.14) is integrated from x    ,   to x ^   for 

n - 1,  2,  3,   .... N-1 giving 

'C** [P(X)n2 ' (kl)z ' inC«(X)l Z(X) 
n+*$ n-,   , 

4 |  ****   P2(x)dx , 

n-H 

which is then approximated by 

14 



(2.29)    vr      - vr      -   (lJtft)nn2 - (kz)n - i(czAx)nn 

where 

<kz)n *  (kl ^n "J ^1^ dX 

n-'i 

and 

-  (P fix)    - I***   P (x)dx. 
6n 2      n    J 

Vis 

From Equation  (2.25), V can be approximated for n -  1,  2,  3 N-l 

by 

(2.30)      V, 
W, 

(KAG\ 
fcTJn. 

n+»s 

n+1 r<Zn+l 

+ ^n.n+l  (yn+l " yn) + Qz 

-Zn)+Cn,n+1    " 

n,n+l 

<M
Z     : 

Mz ) 
zn+l n 

+ B M 
y 

.     n - M      - KAG,,     .,   (z   .,   -  z)  - Qv 
n'n+1      yn+l        yn "' yn.n+l 

where 

B 

'-KAG  ^.-k. 

n,n+l 

'dn.n-H' 

n,n+l      '    n,n+l   n,n+l n,n+l 

2.2* 

15 



Substitution of  (2.30)  into  (2.29) gives for n • 1,  2,   .... N-l 

(2-31) (f^. n+1 -(zn+l - a r? + Cn.nfl[- M - M,  ) + KAGn     .. 
n+1 n 

^l - V + % 8n,n+lJ 

+ B      ^  M - M      - KAG      ..(z  ..   - z.) - ( 
n'      L yn+l        yn ' 

-IT^I    i      |-(«    "«    i) + C    ,      -(M      -M        )• \Ax /n-l,n J       n        n-l n-l,n        z «    / »     ' I L       n n—i 
n-l,n 

+B 

(y   - y   i) + Q 'n     'n-l        xz    . n-l,nj 

.    .       M      - M - KAG    .       (z    - z    .)  -Q 
n-I'nLyn        yn-l n-l'n     n        n-1        yn-l,n. 

-   [(PAX)/-^    -i(Vx)nn]zn + Pz    . 

Integrating Equation  (2.16)  from x    ,   to x j.   for n ■ 1,2,...^, 

fn+Js     M (x) 
" an-H " "J EIÖ *n+!s :(x) dx  , 

*    1 n-Jj 

and approximating the integral on the right side gives 

16 



(2.32) »_ - «_ .    -    -(^j   M 
iHJj     "n-Jj \ElJ     y 7 n     n 

where 

dx 
EI(x)    ' 

Approximate o^.   for n - 1» 2,  ..., N-l using (2.22), 

,  n+1    (Mv " M,  ^-^G«  «4.1 <' 1,0+1 L   yn+l        yn n'n+1 + B     ^.i   W " M    )-KAG      Al(t  .,  - z  )-Q 
n.n+M    y^i        y- n.n+lv n+1        *    "? ntnH 

Substituting (2.33)  Into (2.32) gives for n - 1,2,...,N-l 

(2.34) (y C      ..  -01 -H) + KAG    ^   (y ^,-y ) + Q 1 
\Ax/nt*t* (   n»n+1|_     Vl       «n n',1+l      n+1    n z n.n+lj 

+ B     Al M - M     - KAG     JL1   (s At-« ) - 0 
"•^i Vl        ^n n'n+1      ftfl    n       ^ n.nflJ 

■(^)n 1 nr-1-^'^« " \ S + ™*-l>* ^n " 7^ + ^      / \   /n-l,n| L       n n~1 n-l,n 

.  JM      - M - KAG    .     (ln " V^ " S      ,    1 
"l»nLyn        Vl n-1'11 7 n-l,njj 

+ B n 

-ft\- 

17 



Integrating Equation (2.12) from x   .   to x ^,   for n • 1, 2, 

N, 

s n+^s 

XXHH 

-8        - - I M.(X) 

»    t 

and approximating the right side, one has 

> 'n  n 

Approximating 6^. with (2.23) for n • 1, 2, .... N, 

+ v    I n,n+lj 

n.nflL ; .....-•^--.^'vrV-V..^ n+l 

and substituting into (2.35) gives for n • 1, 2,  ..., N-lt 

(2.37)    -(7-) E       .,  KAG      .-   (y^. -y)-(M -M)+Q 1 
VWn.n+i    n.«+1L     n'n+1   ^     V «„+1       8 8 n.n+lj 

"  Cn   n+l l(Mv -  MV   >   "  ^n  n+l    (rn+l-*n>   "   Q» 1 "•^L  yn+l        ^n n»,l+1      n*1    n y n.n+lj 

+(7-l {E    i       KAG    ,       (y-y1)-(M      -M        )+Q | \Äx/    ,     i n-l,n        n-ltn    •'n     'n-1        y z z    .'      xs»      , \   /n-l,n|        '   u » n n-1 n-l,nj 

■-(M)-. • \   /n     n 

18 



End Conditions. The conditions required at the ends of the shaft 

determine the values of 

V V V V '•' 'y^' V ""• '"' W 

For free ends, the values imposed on V are 

V - V  - 0 for V (0) - V (0) - 0 

(2.38) and 

V - V    - 0 for V (L) ■ V (L) - 0. 
yN+J4   ^ y     Z 

Since for a free end both shear and moment are 0, the following values 

are assigned to M, 

M  - M  - 0 
^1   zl 

(2.39) and 

M  - M 
yL   ZL 

If, on the other hand, the ends are fixed the conditions Imposed 

on a and ß are 

a. - 0. - 0 for o(0) - ß(0) - 0 

(2.40) and 

"Ws " "Ws " 0 for o(L) " ß(L) " 0- 
In addition the values for y and z at the fixed end are 

y, ■ z^ - 0 for y(0) ■ z(0) - 0 

(2.41) and 

yN - zN - 0 for y(L) - z(L) - 0 . 

19 



To arrange Equations (2.28),  (2.31),  (2.34) and (2.37)  In a 

convenient form for solution the following Is done: 

a)    Redefine    E^, J^ and C^^, 

En.n+1 - y, E 

and 

Bn,n+1 = Wnjn+1 
Bn,n+1 

Sn,n+1 " ^»n+l^n.n+l 

Bn,n+1 ' ^n.n+l'Vn+l 

Cn,n+l " KAGn,n+l,Cn,ti+l 

2 
Enin+1 " KAGn,ttfl,En.iH-l 

^^n+l * ^n.ttH'Vn+l 

2 
Cnin+1 " ^,1^1* n.iri-1 

%>nH  -  \MG)    n+1 
Ln,n+l " [UG)^ 

6; " [(^x)n«2-(kyAx)n. i(yx)nQj 
* n 

y  - LAX) n2-o. AX) - i(c Ax)Bnl . 
z        Ln zn znj 

b)    Multiply Equations (2.28) and (2.34) by -I, 

i 

20 



With a) and b) the final system of equations Is, after collecting 

terms for the coefficients, 

(2-A2)       (Ln-l.n 
+ ^l.n^ Vl " En.l.n ^ + ^i.n Vl " ^-l.n ^ 

-(Ln-l.n + Ln.n+1 + ^l.n + K'^l ' K> ^n + ^-I.n + En,n+1> Mz 

' (Cn-l,n + ^.'n+P 2n 

+ ^-l.n + ^.n+l) \ + (L„,n+1 
+ En;n+1> Vl " 

En.n+1 
M

s n+1 

+ Cn^n+1 Zn+1 " Cn,n+1 My 
n+l 

E;-1'n Vl n ' E;:-n+1 \ n+l 
+ '«-^ ^ ,  "'n.n+lS   , n-i-,n n,n+l 'n-l.n    '    'n,n+l 

- P 

(2.43)  -E'  n yn , + E^ , n M,   - C-    z , + C  ,  M n-l,n n-1   n-l,n a^j   n-l,n n-1   n-l,n y 

+ (E'    + E' ^,) y n-l,n   n^+l7 'n 

- (En-l.n + En,n+I " V  \ + ^l.* +'%,n+1>  '„ " (Cn.lfn + Cn>n+1) My 

' En,n+1 yn+l + En,n+1 Mzn+1 " 
Cn,n+1 zn+l + Cn,n+1 My 

n+l 

' E"-1- Vx.n + E-»+1 \.M - C-'.n Vl,. + C".«' V n+l 
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(2.44)    C".       y    ,  - C  ,      M -  (L    ,       + B".     ) z    ,  + B'  .       M 
n-l,n ■'n-1       n-l,n    z    , n-l,n        n-l,n     n-1        n-l,n    y    . '        n-1 •'n-1 

-  (C",      + C" ^,) y n-l,n        n,n+r   'n 

+  (C,       -»• C    ..) M     +  (L    ,       + L       .. + B".      + B" J.1  -  6'  )  z n-l,n        n,n+l      z n-l,n        n,n+l        n-l,n       n,n+l        z        n n n 

- (B' ,  + B' Al) M  + C' . y a., - C ., M    - (L  ^1 + B" ^Jz J_I n-l,n   n,n+l  y    n,n+l 'n+l   n,n+l z .    n,n+l   n,n+l n+1 

+ B' ^1 M n,n+l yn+1 

- C* .  Q     - C ^, Q     - B' ,  0 + B' ^1 Q     + P n-l,n ^z ,    n,n+l xz  .,   n-l,n y ,    n,n+l y      .,        z 
n-l,n n,n+l      '  'n-l,n        'n.n+l    n 

(2.45) -C,  y.+C.  M    +B'    z.-B.  M 
n-l,n 'n-l   r-l,n z ,   n-l,n n-1   n-l,n y , 

'   n-1 '  ■'n-l 

+  (C,      + C'      ,) y    -  (C    ,       + C     ^J M n-l,n        n,n+l    'n n-ltn        n,n+l      z n 

-   (B' + B'    ^J  z    + (B    .       + B      J.1  - C ) M      - C    ^   y ^ n-l,n        n,n+l      n n-l,n        n,n+l        n     y n,n+l 'n+l 

+ C  ^ M   + B' ^. z ^1 - B  ^1 M n,n+l z .   n,n+l n+1   n,n+l y , 

--C.Q     +C..Q     +B10     -B^.Q n-l,n ^z .     n,n+l ^z  .,   n-l,n ^y ,     n,n+l ^y  .. 
n-l,n    *     n,n+l      '  7n-l,n    '    'n.n+l 

These equations come respectively from Equations (2.28), (2.37), (2.31) 

and (2.34). For n-1 and n ■ N, the end conditions as specified by the 

data will be included in the system of equations. 
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The matrix formulation of Equations (2.A2) through (2.45) is 

(2.46) Az = P 

as indicated in (2.20), (2.21) and (2.22) of reference 2 with the 

following definitions for the subvectors z of z and P of P, ana 0 n n 

the submatrices A   of the matrix A: 
i» J 

(2.47) 

M 

M 

,  P. 

n 

with    P    = - P       + E-   ,       Q -  E'    ^   Q + C' Q 
y n-l,n ^z    . n,n+l ^z       .,        n-l,n ^v     . ■'n '        n-l,n n,n+l n-I,n n 

n,n+l ^y 
n,n+l 

P' = -E1Q +EJ.1Q -C.Q n n-l,n    z    , n,n+l     z       ., n-l,n    y    , 
n-l,n n,n+l 'n-l.n 

+ c      xi Q n,n+l   7       ,. 
^n,n+l 

i     Q - c'    .i Q '    i n z n-l,n ^z    . n,n+l ^z . n-l,n ^y P" - P      + C 
n 

b 1 n-I,n 
- B' Q .. n-l,n ^\     . n,n+l Jn-l,n 

+ B'    xi  Q n,n+l    "y       ., 

-C.Q +C^1Q +B.Q 
n-l,n    z    , n,n+l  ^z       .,        n-l,n ^y    . *        n-l,n n,n+l ■'n-l.n 

■ Bn,n+1 Qy ^   ' yn,n+l 

and for n-2, 3, ...,N-1 
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If the ends» are free, g. and cN are chosen sufficiently large 

that M. and VL. become zero for practical purposes. If the ends 

are fixed, the condition above on moment is released and a 

sufficiently large value is given to k , k  and k , k  in 
y,  »i    yv  z. 1 n 'N   N 

the expressions 

6 ' - (pAx).«2 - k  - 1c n , 
Ml  L   1    ^1    ylJ 

6^ - \iutx)l  - k^ - ic^nj        and 

6' - (wAx) - k  - ic 0  so that y,, z. and y , z ZN  L   N   *N    ZNJ 1  1    N  N 

are similarly forced close to 0. 

The generalization of this matrix formulation to include 

more than one shaft »oupled elastically proceeds in the way 

described on pages 10-12 of reference 2. The submatrices A  r a n,m 

of the generalized A-oatrix are set up according to the various 

types of elastic connections allowed between sections of the shaft(s), 

If a section numbered n is connected rigidly to a section 

numbered m the submatrix generated Is 

n,m    n :-> 
— E' n,m 

C" n.m - C n,m 

- E' n.m En.. 
- C n.m C n.m 

C" 
n.m 

- c n,ra -an  +B;' n.m   n, •> 
B' n,m 

- c n,m n,m 
B' n.m - B n.m 
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For a spring connection between sections n and m, one has. 

n,m 

(k )      +in(c ) 0 y n.m y n,m 

0 

0 

0 

0 (k )      -in(c ) 0 z ntin z ntni 

where (k )   and (k )   are spring constants In the y and z 
y n,in     z n^m 

directions respectively and (c )   and (c )   are the associated 
y n»n     z n,in 

damping coefficients. 

The diagonal submatrlces are given by 

N 
A  - -T2 A   + D , 

n>n m-1  n*B   n 

m^n 

with 

s;. 

(00 

0 -6' 0 
Z 
n 

0       0       -cr 

When a section n is connected through a spring to ground, one adds 

to A  , 
n,n 

-(k ) -l(c ) n     0     0 
y n   y n 

o   (k ) +i(c )n o 
z n   z n 
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where (k ) and (k ) are the spring constants for the connection 
y n     z n        r  0 

and (c ) and (c ) are the associated damping coefficients. 
y n     z n r    0 

III. Input Preparation and Definition of Parameters 

The parameters which are specified for whirling calculations 

with GBRC3 are: 

(pAx)n 

N 'n 

(Ax)ntn^ 
n,m 

("A \VACfn,n+l 
n,m 

(Pn>y 

(Vm>y 

(k  ) n,m y 

(c  ) n.m'y 

^n.m/n^ 

n z 

n,m z 

(k  ) n,m z 

(c  ) n,m z 

n,m/w'z 
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(T^AX) 
ntn-t-l 
n,m 

(TAX) 

(k Ax) 

n,m 

a 'ntn-H 
n,m 

(Vx)n.n+l 
n,m 

h 

n, 

where p. El, KAG, P ,0 ,k ,c, x., x, k and k,, are defined on 
y ^7  yd    a     6 
z  z  z 

pages   and  and h and ß are defined on page  . The subscripts 

n,n+l or n,m show how a parameter is located in the system of divided 

shafts. For example, ^ means an averaging of the parameter or its 
II f lu 

reciprocal over the shaft interval extending from the midpoint of 

section numbered n to the midpoint of the section numbered . A 

single subscript n means that the parameter or its reciprocal Is 

averaged over the Interval of the shaft section numbered n. This 

location of parameters is consistent with that given in Appendix 2 of 

reference 1. Also included as data are the total number of shaft 

sections, section numbers, system numbers associated with sections 

and connections, end-condition designators, frequency range with an 

interval which can be used for response or natural frequency calculations, 

parameter scaling factors and various options provided by the program. 

To accommodate the additional parameters required for the sections 

and special connections, the input forms used with GBRC1 (vibrations 

In one plane) are augmented to include formats for continuation cards 
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which go with the basic data card types "Al", "42," "43," "51," 

"52" and "53" described in Section IV of reference 2. The revised 

forms are shown in Section IV of this report. 

The complete set of data card types to be used with GBRC3 is 

(cf. reference 2, Section IV): 

1) Run Title Card 

Columns 

7-12 

13 - 72 

2) Data Control Card 

Columns 

Contents 

(62 H AA 

Whatever title is to be associated 
with the run 

Contents 

3 - 4 ^ata.1
C"d 90 

type" is 
always designated 
by digits in these 
columns) 

5-6 

7 - Ö 

9-10 

11 - 12 
etc. 

3) Case Title Card 

Columns 

3-4 

7-12 

13 - 72 

] 

] 

Columns 5, 6 contain number of data 
cards not counting continuation cards, 
of type given by columns 7, 8 which 
follow for this case. 

Similar to previous four columns for 
next and each succeeding set of data 
cards of a particular type in the 
data deck. 

Contents 

10 

(62 H AA 

Case title 
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4)    Option Control Card 

Columns 

3-4 

9-12 

13 - 16 

17 - 20 

21 - 2'* 

25 - 28 

29 - 32 

33 - 36 

Contents 

20 

Op 1:    Added mass option selector. 
0 for whirling calculationa 

Op 2:    Selector for A-matrix and 
P-vector setup option. 
0002 for whirling calculations. 

Op 3:    Selector for edit routine to be 
used at each frequency. 
0 for presento 

Op 4: Selector for plotting. 
0001 Plots of the edited tables 
for each frequency are required. 

0002 Plot of the summary edit 
is required. 

0003 Both types of plots as given 
above are required. 

Op 5: Selector for A-matrix routine. 
0 if A-matrix is not printed. 
0001 if A-matrix is to be printed. 

Op 6: ]t 0, Plot displacements and/or 
moments versus sections for each 
frequency. 
0 - No plot. 
0001 - Plot displacements only. 

0002 - Plot moments only. 

0003 - Plot displacements and 
moments. 

Op 7: j* 0, Plot displacements and/or 
moments versus frequency for 
selected sections. 

0 
0001 
0002 
0003 

Same designation as above. 

31 



Columns Contents 

41 - 44 

45 - 48 

Op 9: Selector to determine if forcing 
function is to be multiplied by 
ft2 (in radians). 
0 - Force not multiplied. 
0001 - Force is multiplied. 

Op 10: Selector for natural frequency 
search. 
0 - Forced response is obtained 

for all frequencies specified 
0001 - Natural frequencies and 

mode shapes are calculated» 

5) Edit Control Card 

Columns 

3 - • 4 

9 - 
13 
17 
21 
25 

■ 12 
- 16 
- 20 
- 24 
- 28 

6) General Data Card 

Columns 

3 - 4 

7 - 8 

9 - 16 

17 - 24 

25 - 32 

33 - 40 

Contents 

21 

Section numbers for those sections 
for which displacements and moments 
are to be tabulated versus frequency 
(summary edit). 

Contents 

30 

Number of sections; maximum of 40 
allowed with present version of 
GBRC3, 

Starting frequency (ft.) in cps* 

Upper limit for frequency (ft.) in cps 

Frequency interval (A'J) in cps. Used 
as the Increment for frequency either 
in a response calculation or a natural 
frequency search over the range 
specified by ft. and ft. above. 

h, ratio of spinning frequency to 
whirling frequency 
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7) Section Parameter C«rd« 

Columns Contents 

3-4 43 

7 - 8 Section number 

12 End condition - normally 

Free end for section n. 
1 for V (n) - M (n) - 0 

y    « 
and 

Vr(n) - M (n) - 0 

Fixed end for section n, 
2 for o(n) - 3(n) - 0 

and 
y(n) - z(n) - 0 

15-16        System number 

17-24        Mass of the section 

25 - 32        Water Inertia 

33 - 40 (Ax/EI) 
n 

41 - 48 (Ax) 
n,n+l 

49 - 56 (Ax/KAG) 
n,n+l 

57 - 64 (^)n.n+i 

Program notation, TAUD • Ax 

65 - 72        (P ) 
n y 

8) Section Parameter Cards (Continuation) 

Columns        Contents 

1-16 Blank 

17 - 24 (TAX) 
n,tt+l 

Program notation, TAU • Ax 
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Columns        Contents 

25 - 32        (Vx)n.n+1 

Program notation, KA • Ax 

33 - 40 V^n.n+l 

Program notation, KB • Ax 

41 - 48        (P) n z 

9) Scaling Factor Cards for Section Parameter» 

Columns        Contents 

3-4 41 if this card contains real parts 
of scaling factors. 

42 if this card contains the imaginary 
parts of the scaling factors. 

15-16        System number for which scaling factors 
on this card are to be applied. 

17-72        Scaling factor for each parameter is 
given in those columns containing that 
parameter value on the section para- 
meter cards. 

10) Scaling Factor Cards for Section Parameters (Continuation) 

Columns        Contents 

1 - 16 Blank 

17-48        Scaling factor for each parameter 
given in those columns containing 
that parameter value on the continuation 
cards associated with the section 
parameter cards. 

11) Special Connection Parameter Cards 

Columns        Contents 

3-4 53 
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Columns 

15 - 16 

Contents 

Section number for section n, 

Section nunber for section m, 

where the sections n and m 
are connected either as adjacent (but m^n+1) 
sections of shaft or by a spring. 
If a section, n, Is connected by 
spring to ground, then m must be 0. 

When numbering the shaft sections 
for whirling calculations one must 
Insure that |n-m|s 6 at present. 

Svstem number. 

17 - 24 

25 - 32 

33 - 40 

41 - 48 

(Speciflea 
for spring 
connection; 

(k  )  Spring constant In y 
n,m y  r ' 

direction for the connection. 

(c  )  Constant damping coefficient 
n,m y 

In y direction for the connection. 

c  /ß)  Coefficient for frequency 
n,m  'y 

dependent damping In y direction for 
the connection. 

[TAX). 
n,ni 

. 56 (Specified 
for rigid        n,m 
connections 

57 - 64 only.)    (T .Ax) ■ '      d  n,m 

65 - 72 (Vm>y 

12)  Special Connection Parameter Cards (Continuation) 

Contents 

Blank 

(TaX>n m n,m 

(k Ax) 

Columns 

1 - 16 

17 - 24 

25 - 32 

33 - 40 (kßAx) 

n,m 

n,m 
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iMMMp«tw«enMHW 

41 - 48 <kn.m>2 

V* - 56 «Wz 
57 - 64 K.JVz 
65 - 72 (Qn.m)z 

13) Scaling Factor Cards for Parameters In Special Connections 

Columns Contents 

3-4 51^ If this card contains real parts 
of scaling factors. 

52 if this card contains the imaginary 
parts of scaling factors. 

15 - 16 System number for which scaling factors 
on this card are to be applied. 

17 - 72 Scaling factor for each parameter is 
given in those columns containing that 
parameter value on the special connection 
parameter cards. 

14) Scaling Factor Cards for Parameters in Special Connections 

(Continuation) 

Columns Contents 

1-16 Blank 

17 - 72 Scaling factor for each parameter given 
in those columns containing that para- 
meter value on the continuation cards 
associated with the special connection 
parameter cards. 

15) Microfilm Recorder Plotting Characters 

Columns Contents 

60 

Blank 

AAAAA+ 

36 

3 - 4 

7 - 12 

13 - 18 



19 - 24 

25 - 30 

31 - 36 

37 - 42 

Columns Contents 

AAAAAO 

AAAAAx 

AAAAA- 

AAAAA. 

16) Natural Frequency Card 

Columns Contents 

3-4 70 

9-10 Number of natural frequencies desired. 

17) Begin a complete new set of data 

Columns Contents 

3-4 98 

18) End of data 

Columns Contents 

3-4 99 

37 



IV.    Data Input Forms 
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V. Application with Comparison of Calculated Results 

Two sample calculations have been made with GBRC3 in order 

to obtain results for comparing with an earlier AML whirling 

vibration program. 

The data used in these calculations is for the propeller 

shaft of the USS Observation Island (EAG-1S4). The first three 

critical whirling frequencies are calculated for the shaft in air 

using for the ratio of spin to whirl a value of I in Problem 

number 1 and a value of k.  in Problem 2. 

The computed mode shapes of the shaft are presented in both 

tabular and graphic forms. The comparison of results is shown 

in Table 1 immediately following the output. 
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Problem 1. The data is shown as It Is prepared on the input 

forms from which the cards are keypunched. 

For these calculations, the large spring constants required 

to bring about the constraint on deflection at the fixed end of the 

shaft are read in on a special connection card (type "53"). This 

card is seen as the last card filled in on the Data Input Form 

on page  . In a later version of GBRC3 this additional data 

card will not be necessary. The value of such spring constants 

for fixed ends in the system will automatically be supplied by the 

program when the end condition designating integer 0002 is given 

with these sections on the Data Input Forms. 
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Problem 2. The data for this calculation la exactly that of 

Problem 1. except that h Is specified as 0.25. 

It should be noted that both of these calculations can be 

done In one running on the computer by using the following sequence 

of cards after the last card of shaft data for Problem 1.: 

4)0 90'Oiio'0130: 

/601Ö0Ö(62KÄrfnLE FOR THIS GASE 
2)  f 

/Ö03000191.0 30.0  1.0    0.25 
3) 

/Ö099' 

4)   (   

This affects a saving in computer time since only the case title 

and values on the type "30" card are restored in memory, all other 

data remaining as it was in the previous problem. 

Since the output presented here is from calculations performed 

at different stages of the program's testing, it doesn't reflect 

this facility. 
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TABLE 1 

Comparison of Calculated Results 

Problem 1  h - 1 

Problem 2 

| Critical Whirling 
j  Frequencies in CPS_ 

Mode Number  iAML Computer 
| Program 170 

f- 
1 

2 

3 

I 

2 

3 

6.37 

8.08 

23.55 

6.50 

7.85 

23.55 

GBRC3* 

6.37 

8.08 

23.5« 

6.50 

7.64 

23.53 

* IBM 709   "nputer running time for each of these problems 

is approxi" tely 8 minutes. 
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